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Abstract
It is proved that Cλ(X) is separable iffX can be condensed onto a second countable space. A space
with countable network weight such that Cλ(X) has no countable network is constructed. Ó 2000
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As usual, the space of all continuous real-valued functions on a completely regular
space X is denoted by Cλ(X). By a condensation we mean a one-to-one continuous
mapping.
A set A is bounded in X if every function f ∈ C(X) is bounded on A. Every family λ
of sets bounded in X generates the λ-topology on C(X); this is the topology of uniform
convergence on elements of λ. We denote C(X) equipped with this topology by Cλ(X).
Every family λ′ of bounded sets uniquely determines the family λ that is closed under
finite unions and finite intersections and contains λ′; the λ′-topology coincides with the
λ-topology. We shall assume that λ covers X.
The families p, c and b of all finite, all (relatively) compact and all bounded subsets
of X generate the topology of pointwise convergence, the compact-open topology and the
topology of bounded convergence, respectively.
First we shall be interested in the question about density.
For the p-topology we have [1]:
d
(
Cp(X)
)= iw(X),
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where iw(X) = min{w(Y ): X can be condensed onto the (completely regular) space Y };
iw(X) is called the i-weight of X.
If this true for any λ-topology? The answer is “yes” for the following wide class of
families λ.
Theorem 1. Let λ⊆ c. Then d(Cλ(X))= iw(X).
In the important countable case the assumption λ⊆ c is not necessary.
Theorem 2. Cλ(X) is separable iff X can be condensed onto a second countable space.
In the general situation the answer is “no”; the examples were constructed by Pytkeev
and the author. First we give the following rather simple example:
Example 1. Let D be the discrete space of cardinality c, where c is the continuum, and
X = [D]ωβD be the ω-closure (= the union of the closures of all countable subsets) of D
in the ˇCech–Stone compactification of D. The points of D and the closures of countable
subsets form a base for the topology of X; therefore the weight of X is continuum. It is
easy to check that the spaceX is pseudocompact. Let λ be the family comprising one setX.
The space Cλ(X) is normed by the usual sup-norm. For A⊆D let κA be the extension of
the characteristic function of A overX. The set of all such functions has cardinality 2c and
is a closed discrete subspace of X, hence the density of X is 2c, and d(Cλ(X)) > w(X).
To prove Theorem 1 we need the result obtained by Asanov in [3]. Recall that a network
for X is a family ν of subsets of the space X such that for every point x ∈ X and any
neighborhood V of x there exists W ∈ ν with x ∈W ⊆ V . The network weight of X is
nw(X)=min{|ν|: ν is a network for X}.
A family σ is called a λ-network for X if for every A ∈ λ and any neighborhood V of A
there exists B ∈ σ such that A⊆ B ⊆ V . The λ-weight of X is the number
λnw(X)=min{|σ |: σ is a λ-network for X}.
The Asanov theorem. We have the equality nw(Cλ(X)) = λnw(X). In particular,
nw(Cλ(X))6w(X).
Proof of Theorem 1. The proof of the inequality d(Cλ(X)) > iw(X) is standard: if F is
a dense subset of Cλ(X) then the diagonal product of mappings from F is a condensation
of X into R|F |; the weight of R|F | is |F |.
Let ω :X→ Y be a condensation onto a completely regular space Y of weight τ ; ω maps
λ into a family µ of bounded sets in Y . By the Asanov theorem nw(Cµ(Y )) = τ . Let F
be a network of Cµ(Y ) of cardinality τ . Consider an arbitrary element f of Cλ(X) and its
neighborhoodV = V (A, ε)= {g: |f (x)−g(x)|< ε, x ∈A}, whereA ∈ λ. Put B = ω(A).
Note that B is homeomorphic to A, hence the restriction f ′ of the function f to A can be
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identified with a continuous function on B , and f ′ can be continuously extended over the
space Y . If h is an extension of f ′ then V (B) is a neighborhood of h in the space Cµ(Y ).
Let C be an element of F contained in V (B). If k ∈ C then, obviously, the composition
g = k ◦ ω ∈ Cλ(X) lies in V (A, ε). Now, clearly, if we choose an element kC in every
C ∈ F and put gC = kC ◦ ω then we will obtain a dense subset of Cλ(X) of cardinality τ .
Theorem 1 is proved. 2
Note that proving Theorem 1 we showed that the mapping g 7→ g ◦ ω maps the
space Cµ(Y ) onto a dense subset of the space Cλ(X). Hence, by the assumption λ ⊆ c,
the space Cλ(X) contains a dense linear subspace with network weight d(Cλ(X)). It this
true for any λ? The answer is “yes”. Indeed, if F is a dense subset of Cλ(X) of cardinality
d(Cλ(X)) then the linear hull L(F) of the set F is the union of the finite-dimensional
subspaces generated by finite subsets of F . The cardinality of the family of those subspaces
is d(Cλ(X)). Every such subspace A has a countable base β(A). The union of all these
bases forms a network for L(F) of cardinality d(Cλ(X)). Thus, the following simple
assertion is valid.
Proposition. Cλ(X) contains a dense linear subspace with network weight d(Cλ(X)).
Theorem 2 readily follows from Theorem 1. Indeed, if ω is a condensation of X onto a
second countable space Y and A is bounded in X then ω(A)= B is bounded in Y , hence B
is relatively compact. If B ′ is the closure of B in Y and A′ = ω−1(B ′) then the restriction
of ω to A′ is an homeomorphism.
Let us prove this. Suppose that x ∈ A′, y = ω(x), and {Vn} is a local base for Y at
the point y . We can assume that [Vn] ⊆ Vn−1. Put Wn = ω−1(Vn). Suppose that there
exists a neighborhood W ′ of the point x in X such that Wn \W ′ 6= ∅ for each n. Let W
be a neighborhood of x contained in W ′ together with its closure. Obviously, the family
σ = {Sn =Wn \ [W ]} is locally finite in X. Since A is bounded, there exists some m such
that the sets Sn do not intersect A for n >m. On the other hand, every Wn meets A, hence
both Wn ∩ [W ] and W ′ do intersect A. This means, first, that x ∈ [A], and secondly, that
Wn ∩A′ ⊆W ′. The latter relation implies that the mapping ω−1|B ′ is continuous. Thus, A′
is homeomorphic to B ′ and therefore compact. As a result, we have λ⊆ c. It only remains
to apply Theorem 1.
ForCp(X) we have nw(Cp(X))= nw(X). A similar formula forCλ(X) is not valid even
in the countable case.
Example 2. A space with countable network weight having no countable λ-networks.
Fact 1 [4]. A space X is a closed s-image (preimages of all points are separable) if and
only if X is a Fréchet ℵ-space.
Corollary. If X is a Fréchet ℵ-space, then X is a Lašnev space.
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Fact 2 [7]. If X is a strongly Fréchet (or, equivalently, a Fréchet α4-space) Lašnev space,
then X is metrizable.
Corollary. If X is a strongly Fréchet ℵ0-space, then X is metrizable.
(This also readily follows from Michael’s theorem that the ℵ0-spaces coincide with the
images of separable metrizable spaces under k-covering maps [5].)
Corollary. If X is a strongly Fréchet nonmetrizable countable space, then X is not an
ℵ0-space.
There exist many examples of such spaces (see, e.g., [6]).
Thus, there exists a space X such that nw(X)6 ω (moreover,X is countable) but X has
no countable k-network. By the Asanov theorem, nw(Cc(X)) > ω.
Recall that a pseudobase γ for a space X at a point x ∈ X (respectively a pseudobase
for a space X) is a family of open sets such that
{x} =
⋂
{U ∈ γ : x ∈U}
(respectively {x} = ⋂{U ∈ γ : x ∈ U} for every x ∈ X). The pseudocharacter of the
space X at a point x is ψ(x,X) = min{|γ |: γ is a pseudobase for X at x}. The
pseudocharacter of X is ψ(X) = sup{ψ(x,X): x ∈ X} and the pseudoweight of X is
pw(X)=min{|γ |: γ is a pseudobase for X}.
The following formula is well known in the Cp-theory:
iw
(
Cp(X)
)=ψ(Cp(X))= d(X).
In the general case for λ-topologies this formula is not valid. For example, if X is an
arbitrary compact space, then always ψ(Cc(X))= ω but d(X) may be any cardinal.
Clearly, in any case we have iw(Cλ(X))6 d(X). The inverse inequality does not hold.
To show this we shall prove the following simple assertion.
Theorem 3. If X is a compact space then iw(Cc(X))= ω iff w(X)6 c.
Proof. Let iw(Cc(X))= ω. As mentioned, in this case the space Z = Cp(Cc(X)) must be
separable. We can canonically embed X into Z. We have (see, for example, [2]) pw(X)6
expd(X), and pw(X)=w(X) for any compact space. This implies that w(X)6 c.
Conversely, let w(X) 6 c. Then X is embedded into the separable space Rc. If S is
a countable dense subset of Rc, then we put Y = X ∪ S. For f ∈ C(X) let af = minf
and bf =maxf . Using the classical Tietze–Urysohn theorem, pick an extension f˜ :Y →
[af , bf ] of f . Let S(Y ) be the set of extended functions. Endow S(Y ) with the sup-norm.
Clearly, the Banach space S(Y ) is isomorphic to the Banach space Cc(X). Every point
x ∈ S may be considered a linear continuous form on S(Y ) and, therefore, on Cc(X).
The family of these forms separates points of Cc(X), hence their diagonal product is a
condensation of Cc(X) into Rω, i.e., iw(Cc(X))= ω. The proof is complete. 2
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It is clear that the analogous theorem may be formulated for an arbitrary cardinal.
The criterion of pseudocharacter is very simple. A set B is τ -bounded in X if it is a
union of τ bounded sets. Put dλ(X)=min{τ : there exists a τ -bounded dense in X set}.
Theorem 4. ψ(Cλ(X))= dλ(X).
Proof. Let ψ(Cλ(X)) = τ . Let {Uα: α < τ } be a family of neighborhoods of the neutral
element e such that {e} = ⋂α Uα . For every α find Aα ∈ λ and εα > 0 such that
V (Aα, εα) = {g: |g(x)| < εα , x ∈ Aα} ⊆ Uα . Put B =⋃α Aα . Then [B] = X. Indeed,
if x is an arbitrary point, U is an arbitrary neighborhood of x and g ∈ Cλ(X) is such that
g(x)= 1 and g(y)= 0 for y /∈ U then there exists α such that g /∈ Uα . Then g /∈ V (Aα, εα),
which means that there is a point z ∈Aα such that g(z) 6= 0. Clearly, z ∈ U , so x ∈ [B] and
[B] =X.
Conversely, let X = [B] and let B =⋃{Aα: α < τ } where Aα ∈ λ. Then evidently⋂{V (Aα,1/n): α < τ , n ∈N} = {e} and ψ(Cλ(X))6 τ .
Theorem 4 is proved. 2
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